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$1. INTRODUCTION 
IN THE qualitative theory of differential equations much attention has been devoted to under- 
standing the structure of invariant sets of flows on Euclidean space, or, more generally, on 
manifolds. One general problem is that of classifying invariant sets under various hypoth- 
eses and describing the behavior of the flow near these sets; another problem is to find 
conditions on the flow, the invariant set and possibly the ambient manifold which guarantee 
the existence of a compact orbit, i.e. a fixed or periodic orbit. 
Aspects of each of the two problems are considered in this paper. After some prelimi- 
nary work in $2 we show in $3 that every compact l-dimensional metric space which is 
minimal and contains an almost periodic point is a solenoid. In $4 we suppose the flow is 
smooth and the minimal set is isolated. Using Alexander-Spanier cohomology we then show 
that the minimal set must be a periodic orbit. 
In connection with the first result mentioned above, it is interesting to note that R. F. 
Williams [9] has shown that for diffeomorphisms satisfying certain of Smale’s axioms, an 
irreducible piece of the nonwandering set must be a (generalized) solenoid if it is l-dimen- 
sional. Because of the restrictive nature of the axioms, however, neither Williams’ result nor 
his techniques seem applicable in our situation. 
It should also be noted that, for compact 2-manifolds, A. J. Schwartz [4] has shown 
that a l-dimensional minimal set of a Cp (p 2 2) must be a periodic orbit. 
The ideas in this paper grew out of a conversation with R. F. Williams and some work 
on a problem raised by Seifert in [6], the question being whether every flow on the 3-sphere 
has a closed orbit. One is tempted to produce an example with no closed orbits by patching 
together two solid tori. On each torus one wants a flow which is irrational on the boundary 
and such that every point in the interior is positively or negatively asymptotic to some 
compact invariant set r which has no closed orbits. The simplest candidate for I- appeared 
to be a solenoid or a finite collection of solenoids. An analysis of why these attempts failed 
led to the results presented here. 
The author wishes to thank several colleagues, R. Goldstein, L. Lininger and E. Turner 
for helpful discussions during the preparation of this paper. 
* Partially supported by National Science Foundation Grant GU 3171 and a State University of New 
York Faculty Fellowship. 
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$2. PRELIMMINARIES 
A continuous action of the additive group R of real numbers on a topological space x 
is called a continuous flow on X. It is convenient to regard the flow as a jointly continuous 
l-parameter family (f, 1 t E R} of homeomorphisms of X. The orbit of a point x E X is the set 
O(X) = {f*(x) / t E R j and the positire halforbit is the set O’(X) = {jr(x) j I > 0). If X is a smooth 
manifold and the map of X x R into X given by (x, t) -+/;(x) is Cp then we say {f,) is a CP 
flow. 
Given a flow (ft} on X, a set A c X is incariunt iff,(A) c A for all t; a closed invariant 
set is minimal if it contains no proper closed invariant subset. It is easy to see that if A is 
compact then A is minimal if and only if the positive half orbit of every point in A is dense 
in A. The simplest example of minimal sets are the orbits of fixed and periodic points. 
Minimal sets can also arise in the following way. Suppose the ambient space X is metric 
and let d be a metric for X. Following Nemytskii and Stepanov [3, page 3841, we say that a 
point x E X is almost periodic if, given E > 0, there is a set D E R which is relatively dense 
such that d(f,(x),f,+,(x)) < E for all T E D and all t E R. The statement that D is relatively 
dense means that for some number L > 0 every interval in R of length L contains a point of 
D. (The reader should be warned that more recently the term almost periodic has been used 
to describe something a little weaker.) As is noted on page 385 of [3], if x is almost periodic 
and the closure I- of the orbit of x is compact and metrizeable then I- is a minimal set. In 
fact, it is l-dimensional minimal seis of this type which are investigated in $3 and 4. 
The remainder of this section will be devoted to a discussion of local cross sections of a 
special sort for certain I-dimensional sets. 
PROPOSITION. Let {ft} be a nonsingulurflow on a compact l-dimensional metric space r. 
There is a nonempty zero dimensional subset K of I- and a positiLte nlrmber u such that the map 
F gitien by F(x, t ) = I;(x) is a homeomorphism of K x (-u, u) onfo an open subset of r. 
Remark. It is the last condition, namely that the image of K x (-a, cr) be open, that 
makes K “special”, for in this case the return time to K, when defined, will be continuous. 
This need not be the case for an “ordinary” local section. 
To prove the proposition, fix a point p of I-. By an easy modification of Bebutov’s 
Theorem (page 333 of [3]) there are positive numbers 6 and T such that the “flow tube” 
Cp = {f,(x) 1 x E cl U,(p), 1 t 1 < T} (here, ” cl ” denotes closure) has a local section J. This 
means that J is a closed subset of Q, and for each y E @ there is a unique number S(JJ) such that 
_&,,(Y) E J and I s(y) I < 7. 
Using compactness of 0 and continuity of the flow one easily checks that s: @ + R is 
continuous and the map h: Q, +J given by h(j) = fSJy) is continuous. It follows that the 
map H given by HCj) = (h(y),-s(y)) is a homeomorphism of @ into J x R. For each x in J, 
H(Q) meets the line {x} x R in a segment S(x) = {x} x [u(x), b(x)] where b(x) - u(x) 2 2~ 
and the endpoints vary continuously with x E K; indeed we have H(Q) = u {S(x)lx EJ}. 
We now replace the section J by a local section J’ which lies near the “middle” of Q, as 
follows. Let J’ be the set af points y in Q, such that H(y) is the midpoint of S(h(y)). Clearly 
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J’ is also a local section of CD. If we now define the maps s’: Q, -+ R, h’: CD -J’ and H’: 0 + 
J’ x R just as before, we find that H(0) contains the product neighborhood J’ x [-r, r]. 
The map F: J’ x [-T, 71 given by F(x, t) =f,(, x IS a homeomorphism into @: indeed, F ) 
is the restriction of the inverse of H’. Now J’ is compact and therefore, as noted on page 34 
of [2], the dimension of J’ x [ - 7, 71 is one plus the dimension of J’. Since I is l-dimensional 
J’ must have dimensionzero. Letting int Q, denote the interior (relative to I) of the tube @ we 
observe that J’ n int 0 is a nonempty open subset ofJ’. Hence there is a nonempty open and 
closed subset K of J’ lying in int 0. Now H’(int 0) is an open subset of H’(0) and contains 
K x (0); hence H’(int @) contains a product neighborhood of K, say, K x (-a, CT) c 
H’(int Q). It follows that the image of K x (- 0, a) under F is open in int @ and hence open 
in I’. This completes the proof of the proposition. 
A set K which satisfies the conclusion of the proposition will be called an admissible 
local section of I. Suppose now that K is some admissible local section of a compact l- 
dimensional I’ and let the open set F(K x (-0, a)) be denoted U. Suppose also that r is 
minimal. For each x in K, the positive half orbit of x is dense in I- hence meets U; it follows 
that for some positive t,f,(x) E K. Clearly any such t satisfies t > 20 and we define t(x) to be 
the infimum of all such (positive) t’s; t(x) is called the time ofjrst return of x to K. It is not 
hard to see, using the fact that U is open, that t: K+ [2a, CD] is continuous. 
The point offirst return r(s) is defined by r(x) =fr,,,(x); the map r: K + K is called the 
return map and is a homeomorphism of K onto itself. 
53. SOLENOIDAL MINIMAL SETS 
By a solenoid we mean a space which is homeomorphic to the inverse limit of a sequence 
where each Si is the unit circle and the bonding maps are of the form F,(z) = z”’ where n, is a 
positive integer. 
THEOREM 1. If I- is a compact l-dimensional metric space which is minimal under some 
flow {f,} and ifsome point of r is almost periodic, then I- is a solenoid. 
We begin the proof by fixing an admissible local section K. Let t: K -+ R’ and r: K -+ K 
be the return time and return maps associated with K. Let d denote some fixed metric on T. 
The words “ open ” and “ closed ” will refer either to K or to r depending on the context. 
Since K is compact and O-dimensional, it has arbitrarily small covers consisting of finitely 
many pairwise disjoint nonempty open (and, hence, closed) subsets. For brevity, such a 
cover will be called a standard cover. 
The proof of Theorem 1 involves an inductive construction based on the following: 
LEMMA. Let Q={Uili=O, I ,.,., N } be a standard cover of K and let .? be a point of 
UO. There is an open and closed subset W of U, and an integer m such that X E W E U, and 
the sets W, r(W), . . . , rm- ’ (W) form a standard cover of K which rejines 9. 
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(Note: It follows that rm( W) = W; thus the sets ri( W) (i = 0, 1,. . . , m - 1) are cycli- 
cally permuted by the return map; the integer m will be called the period of W.) 
The Lemma is proved as follows. By Corollary 8.09 on page 388 of [3], every point of 
r is Lyapunov stable with respect to r. This means that given .r in r and E > 0 there is a 6 = 
6(-r, E) > 0 such that if ri(x, y) < 6 then d(f,(.\-), f,(J)) < E for all 1. 
Let E be one-half the minimum of the numbers {dist (Ui, Uj)] i #j} and let 6 = 
6(X, E) > 0 be the corresponding Lyapunov constant. Let U be an open and closed subset of 
K which contains .Y and lies in the intersection of U,, and the S-neighborhood of X. 
Given a point y in K and an integer n 10, the point r”(y) lies in K and hence lies in 
exactly one of the sets UO,. . . , L’,v. Thus, corresponding toy we obtain an infinite sequence, 
P(Y) = a, 0, a2.. .t defined by r”(y) E U,,; p(y) is called the pattern of y. The shift operator, s, 
acting on such a pattern is the function given by s({u,}) = {b,} where b, = ui+ 1 for i 2 0. The 
shift operator commutes with the return map in the sense that, for any x in K and any posi- 
tive integer k, p(r”(x)) = s”(p(x)). 
We now observe that all points in U have the same pattern, for if ,v is any point in U, 
then n(Z, y) < 6 and therefore, for all integers n 2 0, d(r”(.T), r”(y)) < E. By choice of E this 
implies that r(Y) and r”(y) lie in the same Uj. 
Since the positive half orbit of .U is dense in r there is some positive k such that r”(T) 
lies in U. Since X and r’(F) lie in U they have the same pattern. It follows that the pattern for 
2 is periodic with period k: p(S) = (a,. . . a,_ l)(uo.. . a,_ 1). . . . 
Consider the set S of points in K whose pattern is p(T) or some shift of it. S is not empty 
since it contains U and S is easily seen to be closed and invariant under the return map. If 
S were a proper subset of K then the collection of nonnegative half orbits of points of S 
would be a proper closed positively invariant subset of r, contradicting the minimality of r. 
Thus S = K; every point of K has as its pattern p(F) or a shift of p(2). 
Let W be the set of points in K whose pattern is p(F) and let m be the least period of 
p(X). Then Wand LIZ satisfy the conclusions of the lemma. 
We now turn to the proof of Theorem 1. Superscripts will be used to indicate 
successive steps in the construction. To simplify notation somewhat we also adopt the 
following convention. If A is a subset of K and t is a nonnegative real number then tA is 
the subset of r defined as follows. Pick an integer j such that j 2 t zZj + 1; then tA = 
If (x,(t - i)r(x)) I x E r’(A)) where f(x, s) = f,(x). Thus for example if t is an integer, t = n 
we have IA = r”(A). If A is a singleton, A = {.x>, we simply write tx. 
To begin the first step in the construction we select a standard cover 42” = {Uo' , . . . , 
U,$,} of K whose mesh is small enough so that if x and y are in some Uil then d(rx, ty) 5 
.si = ;t for 0 5 t s 1. Thus points in Ui’ stay within c1 of each other up to the first return to 
K. The existence of such a cover is a consequence of the uniform continuity of the flow on 
finite time intervals. 
Fix a point X in U,’ and apply the lemma to obtain the corresponding set W = W,’ 
with period m = m,. Note that for any two positive reals s and t, s W’ meets t W’ if and only 
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ifs - t = 0 (mod ml) and. in this case, SW’ = tCV*. Thus vve get a continuous l-parameter 
decomposition of l- into slices: T = u {r W’ 10 5 t < m I]. If n is an integer and 0 s n < m1 
then n W’ is contained in some U,‘. This, together with our initial restriction on the mesh of 
%‘, implies that the diameter of each slice tCi/’ is less than Ed. 
At the next step in the construction we take E z = $ and choose a standard cover JY2 = 
{Ui’ /i = 0, 1,. . _ , Nz} such that ,Y E Uo2 E W’, 92’ refines the cover {n W’ 1 n = 0,. . . , 
Ml - I}, and the mesh of Ju2 is small enough so that if .r and y are in some Uiz then 
d(r+~, rq’) < Ed for 0 5 / 5 1. Let W’ and m2 be the corresponding set and integer guaranteed 
by the lemma (in particular, .Y E LY’ E U,’ c W’). As in the first step we get a decomposition 
of T into slices {t W2 IO 5 t < mr} and for each t the diameter of t W’ is less than E?. 
The two decompositions constructed so far are related as follows. Since W2 is a subset 
of W’, we have t W’ E t W’ for all real t. This implies that m2 is a multiple of ml. To see this, 
write nz2 = km, + p where k is an integer and 0 5 p < ml. We then have p W’ = m2 W’ 2 
m2 W’ = W2. Since W2 lies in both W’ and p W’ and since 0 5 p < ml, p must be 0 as asser- 
ted. Let n2 = mz/ml. 
We also observe that the second decomposition refines the first in a strong sense; 
namely, each slice t W’ (0 5 t < ml) is the union of the disjoint slices (t + km,) W’ where 
k=O, l,..., n2- 1. 
We now continue the construction to obtain, for each positive integer i, an open and 
closed subset W’ of K and a positive integer mi which satisfy these inductive hypotheses: 
less 
k= 
(i) For all i, ,? E W’; 
(ii) f’ is the disjoint union of the slices {t W’I 0 2 I < r~7~) each of which has diameter 
than ci = l/2’; 
(iii) mi divides mi+ l, saymi+, = ni+l m,; and 
(iv) For each I’ and 0 s t <m,, t W’ is the union of the slices (t + kmJ W”‘, 
0 ,...‘“i’l - 1. 
Forj= 1, 2,... define a mapf, from r into S’ (the unit circle in the complex plane) as 
follows. Given x in T, let t be the unique real number satisfying 0 5 t < mj and x E rWi; 
thenfj(.y) = exp (2d/mj). Also, for i 2 1, let Fi+,: S1 -+ .S’ be the map which sends z to 
z”‘+*. We then have a commutative diagram: 
I- -r-r - . . . 
s’ 7 s’ +-g-- S’ - . . . 
where each map in the top line is the identity map. 
The inverse limit C of the bottom line is a solenoid and we assert that f’ is homeomor- 
phictoC.Toseethis,leta={zili=1,2 , . . .} be a point of 1; thus ,Fi+ l(zi+ 1) = zi. For 
each i,fi-’ (ZJE tiWi f or a unique ti satisfying 0 5 ti < mi . By commutativity of the diagram 
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we have: rt W’ 2 tZ W’ 2 t3 W’ 1 . . , and, since the diameters of these slices tend to 0, 
there is a unique point x in I lying in their intersection. We then define F: Z: --) r by sending 
each o in 1 to the point x found in the above manner. Using the inductive properties (i)- 
(iv), it is easily verified that F is a homeomorphism of 1 onto I. 
In a compact minimal set the concepts of almost periodicity and uniform Lyapunov 
stability are equivalent (Theorems 8.09 and 8.12 of [3]). The results of this paper have been 
stated in terms of almost periodicity because this concept seems to be the more familiar of 
the two. Typical of the results guaranteeing the existence of an almost periodic point is a 
theorem of Nemytskii (Theorem 9.06, page 403 of [3]) which says that if x is positively 
Lagrange stable and uniformly positively Lyapunov stable with respect to O’(x) and if 
O’(x) uniformly approximates its positive limit set Q(x), then Q(x) is a minimal set and all 
its points are almost periodic. 
&t. ISOLATED MINIMAL SETS 
In this section, unless otherwise stated, “cohomology” means Alexander-Spanier 
cohomology with integral coefficients, denoted H*( ). Our general reference is [7; Chapter 
61, where the theory is developed in detail. 
Let us fix a Cp (p 2 1) flow {h,} on a compact n-manifold M. Following Conley and 
Easton [I] we say that an open set U is an isolufing neighborhood if the orbit of each point 
of the boundary of U meets the complement of closure of I/. A closed invariant set I which 
the maximal invariant set in some isolating neighborhood I/ is called isolated and U is 
called an isolating neighborhood for r. 
Let N be a closed n-dimensional smooth submanifold of M with boundary n. Define 
subsets n+, n- and r of n as follows: 
n+ ={xEn]forsomes>O,h,(x)#Nfor--E<t<O) 
n- = {xEnlforsomee>O,h,(x)$NforO<t<~} 
and r = {x E n 1 O(x) is tangent to n at x}. 
We say N is an isolating block if n+ u n- = n, n+ n n- = r, and r is empty or a codi- 
mension one submanifold of n. If, in addition, the interior of N is an isolating neighborhood 
for a closed invariant set I, then we say N is an isolating block for r. 
In [I], it is shown that if r is an isolated compact invariant set then any neighborhood of 
r contains an isolating block for II. 
Suppose N is an isolating block for I. For each x in the interior of N, exactly one of the 
following holds : 
(i) x is in r. 
(ii) There exist s and t with s < 0 < t such that h,(x) E n+, h,(x) E n- and h,(x) E int N 
for s < r < t. We will call h,(x) and h,(x) the entry and exit points of x, respectively. 
(iii) There exists t > 0 such that h,(x) E n- and for all s < t, h,(x) E int N. 
OYiE-DIMENSIONAL MIN15IAL SETS 239 
(iv) There exists s < 0 such that I/,(.x) E nC and for all t > s. /I,(X) E int .V. 
The set of points satisfying (iii) and (iv) will be denoted .4- and A*, respectively. 
Since I- is the maximal invariant set in N all points in .4+ (A-) are negatively (positively) 
asymptotic to r in the sense that if x is in A+ (A-) and ti -+ +CC (- ;c), then all cluster 
points of h,,(x) lie in IY. 
We let a+ = cfA+ nn; thus a+ .- I> the set of entry points of points in Ai. One easily 
verifies that a’ is a compact subset of the (relative) interior of n* and that the closure of 
A+ is A+ u a+ u r. The set a- = clA_ n n has similar properties. 
If &I is an isolating block for a minimal set r then the component N of .M containing 
r is a connected isolating block. At least one of the sets nf, II- is nonempty and if n- not 
empty then also a- is nonempty. In the sequel we shall assume, without loss of generality, 
that N is connected and n-, a- are nonempty. 
Our first result may now be stated as follows: 
THEOREM 2. Let I- be an isolated minimal set in ,!4 and let IV be an isolating block for r. 
Then for each q 2 1, there is an exuct sequence: H4(N) -+ H”(T) -+ Hq”(n-, a-). 
Proof. We begin by modifying the given flow {/I,) to obtain a (continuous) one parameter 
family{f,). Define a function e on N as follows. If x E N - (A’ u I-), then e(x) is the number 
t given in conditions (ii) and (iii) above; that is, e(x) is the time of exit of O+(x) from ,V. If 
x E AC u r then we set e(x) = + co. The function e is then continuous from N into the 
extended non-negative reals. Now define a one-parameter family of continuous maps 
{f,l t E [0, a)} on N by settingf,(x) = h 4Cx, ,,(x> where 4(x, t) = min (t, e(s)). 
The net effect of introducing {f,} is to stop the flow of points out of N. For points .Y in 
A+ u r, f,(x) = h,(x) and the orbit structure is unchanged. Points in N - (A+ u r) flow 
along their old orbits until reaching n- where they stop. 
For each real number s 1 0, let N(s) =f,(N) and let X = 17 {i\‘(s) 1 s >= O}; from the 
remarks made above it is clear that X = A- u n- u r. Now fix q 2 1 and consider the terms 
H4(X) + Hq(r) --+ Hq+‘(X, r) in the cohomology sequence of the pair (X, I-). The theorem 
will be proved if we can show that Hq(X) z H“(N) and Hq+‘(X, IT) z H4’ ’ (n-, a-) where, 
from now on, z denotes isomorphism. 
To establish the first isomorphism, let s 2 0 be fixed. Let g denotef, regarded as a map 
of N onto N(S) and let h denote f, regarded as a map of N(S) into Z(S). We observe that 
f,: N + N is homotopic to the identity map of N and h: N(s) + N(s) is homotopic to the 
identity map of N(S). Letting i denote the inclusion of N(S) in N we have a commutative 
diagram : 
N/‘-N 
N(s) ---y-+ N( s ) 
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In the corresponding diagram of cohomology groups and homomorphisms, f,* and 
h* are isomorphisms. Commutativity of the upper left triangle implies that i* is a monomor- 
phism and commutativity of the other triangle implies i* is an epimorphism. Thus each 
inclusion N((s) c S induces an isomorphism in cohomology. It follows that if f > s, then 
the inclusion N(t) c iV(s) induces an isomorphism. Since Alexander-Spanier cohomology is 
weakly continuous [7; page 3181, H*(X) is the direct limit G of the system H*(N(s)) where 
the bonding maps are induced by inclusion. Each of these maps being an isomorphism, we 
get G z H*(N(O)) = H*(N). 
We now examine the group H qfl (X r). We shall use the strong excision property of , 
the Alexander-Spanier theory in the following form, see [7; page 3181: 
Let B be a compact subset of a compact Hausdorff space A. Let A be the quotient space 
obtained by collapsing B to a point and let B be the image of B in 2 under the quotient map. 
Then HP(A, B) FZ HP(A, B) for all p. 
Letting A = X and B = r, we have Hqc ’ (X, r) z H4+‘(z, T). Since q 2 1 and P is a 
point in x, we have HP+ ‘(XT-, I?) z HqC ‘(x ). The quotient map X -+ 2 is a homeomorphism 
on X-T=A-un-; so, to simplify notation, we may regard A- and n- as subsets of x. 
Let K denote the closure in A- of 8; clearly K = A- u u- u r. Each point of K - T can be 
pulled back along its orbit to T. To be precise, we use the original flow {h,) to define a homo- 
topyH: Kx I-rKby: 
H(x, s) = 
h,,,,- 1)(X) if 0 5 s < 1 and x # f 
F if s=l or x = f. 
Thus K is contractible and since q 2 I we have a further isomorphism H4+‘(_?) z 
Hqf’(_%, K). Let Y be the space obtained from 2 by collapsing K to a point. Since x - K = 
n- - a-, Y can also be regarded as being obtained from n- by collapsing a- to a point. 
Using strong excision twice we obtain, finally, Hq+‘(z7, K) zz HqC1( Y, R) z H4+‘(n-, a-), 
which completes the proof of the theorem. 
We now apply Theorem 2 to the case mentioned in the introduction. 
THEOREM 3. Let I- be a I-dimensional isolated minimal set in the interior of M and 
suppose the dimension of M is 3. If some point of r is almost periodic then r is a periodic 
orbit. 
Proof. Applying Theorem 2 with q = 1, we have an exact sequence H’(N)---I--* H’(T) 
B H2(n-, a-). S’ mce dim M = 3, N is a compact 3-manifold, n- is a compact 2-manifold 
with boundary, and a- is a compact subset of the interior of n-. 
Let us examine H’(T). By Theorem 1, I is the inverse limit of a sequence S’ AS, 
F3 
t-- Si + . . . where F,(z) = zni, ni 2 1. Then H’(r) is the direct limit of the sequence 
GZ GJ 
Z----r Z- Z + * . . where Gi = (F,)* is multiplication by ni . This is simply the group 
Q{ni} of rational numbers which can be expressed in the form a/b where b is a product of 
finitely many n,‘s. 
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We will show that H’(n-, a-) is isomorphic to the direct sum F@ T where F is free 
with at most countably many generators and T is a finite group. The proof of this fact is 
rather technical and will be postponed. 
Now let us suppose that I is not the orbit of a periodic point, i.e. T is not a simple 
closed curve. Then clearly infinitely many of the n, satisfy ni 2 2. It follows that every 
element of Q(ni} has infinite height in the following sense: given 4 E Q{ni} there is an increas- 
ing sequence {mi} of positive integers and a sequence {qi} in Q{ni} such that m,qi =q. 
Therefore the image /l(q) in H’(n-, a-) will also have infinite height. On the other hand in a 
free Abelian group the only element with infinite height in the above sense is the zero 
element. Hence if (b is the isomorphism of H’(n- , a-) onto F@ T then Imp 5 4-‘(T), 
whence Ima is a finite group. Since N is a compact manifold, H’(N) is finitely generated 
and therefore Ima is a finitely generated subgroup Q{ni}. By exactness we have Q{ni}/Imr 
isomorphic to Imp; but this is impossible because Q{ni} is not finitely generated. Thus, all 
but finitely many ni must equal 1 and I is the orbit of a periodic point. 
To complete the details of the proof we use Alexander-Spanier cohomology with com- 
pact supports, Hc*, to examine H*(n-, a-). This theory is developed beginning on page 319 
of [7]; further page numbers refer to this book. By Lemma 9, page 320, we have an isomor- 
phism H’(n-, a-) z Hc2(n-, a-). We write n- - a- as the union of its components, 
n- - a- = U Xi. Since u- is a compact nonempty subset of the interior of n-, there are at 
most countably many components and each is non-compact and open in n- - a-. There is 
then a further isomorphism Hc2(n- - a-) z @ c Hc2(Xi), where the symbol on the right 
indicates the direct sum. This is a special case of a more general result, namely; if a space X 
is the union ofpairwise disjoint open noncompact subsets {X,) then H,*(X) z 0 2 H,*(X,). 
To verify this one shows that the chain complex C,*(X) (see page 320) is isomorphic to the 
direct sum of the c,*(X,), the isomorphism being induced by restriction as in Theorem 8, 
page 310. The reason one obtains the direct sum rather than direct product is that a co- 
bounded subset of X must contain all but finitely many of the X,, hence if 4 E Ccq(X), 
then with finitely many exceptions the restriction of 4 to X, is identically 0. 
Now each component Xi of n- - a- is homeomorphic to what one gets by removing a 
O-dimensional compact set Pi from the interior of a compact 2-manifold Yi. (Although this 
is not hard to see directly, a proof for the case that n - is orientable may be found in [S; 
Proposition 4.11 and a proof for the case that n- IS non-orientable is essentially given in 
[8].) Now, for each i, H,‘(X,) ;= H2( Yi, Pi) z H2( Yi) where the first isomorphism follows 
from Lemma 9, page 320, and the second from the fact that Pi is O-dimensional. 
There are three possibilities for H2( Yi). If Yi has nonempty boundary, H2( Yi) = 0; if 
Yi has empty boundary then H2( Yi) = 2 or 2, according as Yi is orientable or nonorient- 
able. The number of nonorientable Yi is finite (since n - is compact), hence we may group 
the free and torsion summands to obtain the desired expression F @ T. This completes the 
proof. 
We close with some remarks. The proof of Theorem 3 may be rephrased as follows. If T 
satisfies the hypotheses but is not a periodic orbit then some subgroup of H2(n-, a-) is the 
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quotient of Q{ni} by a finitely generated subgroup where n, 2 2 for infinitely many i; but, 
if dim n- = 2, then no subgroup of H*(n-. a-) can be of this form. Thus, to carry out this 
proof for ambient manifolds of dimension 2 4, one needs enough information about how 
a- sits in n- to be able to exclude subgroups of If’@-, a-) having this form. 
The smoothness hypotheses of this section can be weakened. One needs the notion of a 
topological isolating block. This theory has been developed (by Conley, Easton and others) 
but does not appear to be in print. Once one has such a block N for r the proofs of Theorems 
2 and 3 will carry over immediately. 
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